Recently, the concept of Piezo-ElectroMechanical (PEM) structural members has been developed by Alessandroni et al. (Int. J. Solids Structures 39 (20) (2002) 5279) and Andreaus et al. (J. Vib. Control (2004) in press). Given a structural member, a set of piezoelectric transducers is uniformly distributed on it and electrically interconnected by a circuit that is the electric analog of the host member. In this way a high-performances piezoelectric structural-modification is obtained, that aims to control multimodal mechanical vibrations (see, e.g., Vidoli and dell'Isola (Acta Mech. 141 (2000) 37)). In the present paper the problem of synthesizing an electrically dissipative PEM Kirchhoff-Love (K-L) plate by using completely passive electric elements is addressed. This is done by using a discrete form of the Lagrange functional governing the motion of a K-L plate by a finite difference method. Hence a novel electric circuit governed by the obtained finite dimensional Lagragian is determined. Multimodal vibration damping is achieved by completing this new circuit with optimally dimensioned and positioned resistors. A realistic simply-supported PEM K-L plate has been designed and its performances in the case of free and forced vibrations have been studied to show its technical feasibility.  2004 Elsevier SAS. All rights reserved.
Introduction
In Botkin (1999, 2000) , Canon Lenczner (1999) , and Kader et al. (2001) the performances of arrays of piezoelectric transducers distributed on structural members and interconnected to active electronic controllers are studied. The performances of a single actuator properly positioned on a structural member and interconnected to a passive resonant circuit is studied by Hollkamp (1994) and by Hagood and Flotow (1991) . However, none of these papers addresses the problem of determining optimal passive circuits to which an array of distributed piezoelectric transducers is connected.
In Maurini et al. (2004) and Alessandroni et al. (2002) , the concept of distributed piezoelectric passive control of structural vibrations has been developed: the main feature of this novel treatment consists in the synthesis of analog circuits and their use in electrically interconnecting distributed arrays of piezoelectric transducers.
The mathematical results shown by Vidoli and dell'Isola (2000) indicate that the mechanical vibrations can be coupled to the electric oscillations for obtaining a beating/amplitude modulation phenomenon by interconnecting the transducers with an analog electric circuit, i.e. by a circuit governed by exactly the same PDE as the structural member. Therefore, an optimal damping of mechanical vibrations using electric dissipation is expected when suitably inserting, in the found analog circuit, some resistive elements.
In the present paper we address the following (interrelated) problems:
1. synthesize an analog circuit of a Kirchhoff-Love (K-L) plate consisting of completely passive elements. 1 The K-L plate assumption states that the fibers remain perpendicular to the mid-surface of the plate and maintain their length; 2. model a Piezo-ElectroMechanical (PEM) plate; 3. establish how to add suitable resistive elements in the previously found analog circuit in order to obtain a multimodal (i.e., mode-independent) damping of mechanical vibrations. The structural members thus obtained will be called electricallydissipative PEM plates; 4. design a realistic PEM plate (i.e., a structural member that could be used in engineering applications) and study its performances under external disturbances.
We will conclude by comparing the damping performances of a distributed Bed Of mechanical Dampers (BOD) connected to a K-L plate with those of the PEM plate.
The novel circuits which we synthesize are passive, easily realizable, and easily adaptable in the design of realistic engineering devices.
PEM K-L Plates

Analog circuit
In order to find an electric circuit analog of the K-L plate, we start by considering a plate, the vibration of which is governed (see, e.g., Forray, 1968) by the Lagrange functional, where the deformation energy U m and the kinetic energy T m are given by 2
The action time-density for the K-L plate (when ignoring dissipative phenomena) is therefore given by the Lagrangian L m = T m − U m . The K-L plate is an infinite dimensional mathematical model. In order to synthesize a circuit analog to K-L plate, we introduce a finite set of Lagrange parameters describing -in an approximate way -the state of the K-L plate, i.e., the set of displacements sampled at the nodes of a fixed uniform grid in the plate reference configuration. Let us label the generic point of the grid by the subscripts (·) i,j so that the value at this point of the generic field f will be denoted by f i,j . The step of the grid (assumed to be equal along both the x and y directions) will be denoted by ε. Consistently, the spatial derivatives ∂ ∂x and ∂ ∂y will be approximated by the forward finite differences operators (˜ x /ε) i,j and (˜ y /ε) i,j , where (˜ f ) k = f k+1 − f k stands for the simple forward difference operator. The introduction of the dimensionless deflectionũ = u/u o and the time 
As the derivatives become better approximated by finite differences, the discrete Lagrangian system gets closer to the K-L plate model. The actions considered in both models are likely to be sufficiently close when suitable regularity conditions on displacement fields are assumed. We leave a precise statement of such regularity conditions and error estimates to a more accurate mathematical treatment.
Given a quadratic finite dimensional Lagrangian, say
is well known (see, e.g., Crandall et al., 1968 ) that it is possible to synthesize a lumped circuit governed by the same evolution (Euler-Lagrange) equations. The resulting analog circuit, is in general not topologically connected and may have more nodes than the grid. The synthesis can be done, once the Lagrange parameters are recognized as the analogs of the flux-linkages 3 of suitable nodes in the electric circuit, by identifying the strain mechanical energy with the magnetic energy (associated with inductors) and the kinetic energy with the electric energy (associated with capacitors). Indeed to each node of the sampling grid previously introduced we will associate a node (denoted by n i,j and called principal) of the analog circuit. 4 The flux-linkage ψ i,j will correspond to the deflection u i,j . Hence, connecting every node to ground by means of a capacitor, a subcircuit of the analog circuit in which the capacitive electric energy T e is paralleling the mechanical kinetic energy T m d is determined. Consequently, the elastic energy U m d of the plate may be paralleled by the magnetic energy U e stored in the remaining part of the analog circuit constituted by a set of inductors opportunely connected to the capacitors by means of an appropriate network of electric transformers. The transformers do not store energy: they simply relate the voltages of nonprincipal nodes to those of n i,j . Introducing transformers allows to have the second order differences of the displacement fields appearing in (1). 3 The flux-linkage is defined as the time integral of the voltage drop with respect to a reference ground. 4 Other nodes may appear in the analog circuit, which do not correspond with anyone of the grid nodes. These node are called nonprincipal. Because of the analogy-choice which has been made, the electric circuit synthesized will be coupled to the plate only in dynamic conditions. It is an open problem to determine a static analog for K-L plate. In Fig. 1 one of the possible topologies for the circuital module (corresponding to the i, j node) is presented, that is able to realize an electric analog for the K-L plate. In Fig. 2 the connection among different modules is shown. The electromechanical analogy will be fully accomplished once a dimensionless flux-linkageψ = ψ/ψ o is introduces, by means of a characteristic flux-linkage ψ o . Consequently, we can express the electric energies U e , T e in the following form:
The electric analog circuit that has been found allows for quantitative analogies with the K-L plate once the coefficients of the electric energies (see Eqs. (2)) are assumed to be equal to the coefficients of the mechanical ones (see Eqs. (1)). Simple algebra allows us to get the following equalities in which the electric impedances needed in the analog circuit are explicitly given in terms of mechanical parameters and transformers turns-ratios:
It is evident from Eqs. (3) that the choice of the circuital parameters L 1 , L 2 , L 3 , n and C is not unique. Indeed, the introduction of transformers in the circuital analogs not only allows for the synthesis of completely passive networks (which has not been possible in Alessandroni et al., 2002) , but also permits a more ductile variation of the inductance values.
Piezoelectric transducer modelling
Some circuital elements in the analog (lumped) circuit that has been synthesized in the previous subsection are capacitors. They connect each principle node n i,j to ground. By making use of the analog circuit, the PEM plate is easily conceived by connecting the previously described inductive subcircuit in the electric analog network to the electric terminals of an array of bending 5 piezoelectric transducers uniformly distributed upon the plate surfaces (see Fig. 3 ). Indeed, the electric Norton equivalent for any of such transducers is given by a grounded capacitor in parallel connection with a current generator. In Vidoli and dell'Isola (2001) it is explained why analog networks must be employed in order to optimally control mechanical vibrations of a structural member using an array of piezoelectric transducers. We limit ourselves here to stating that an analog circuit is able to resonate at every eigenfrequency of the given structural member and show exactly the same spatial modal shapes. Therefore, it is able to optimize the efficiency of the chosen energy transduction.
In the present subsection we will provide the governing Lagrangian of the system constituted by the piezoelectric arrays and the host plate. Later, we will combine this Lagrangian with that one governing the electric circuit (see Eqs. (2)) in order to model the overall electromechanical behavior of the considered PEM plate. Let us consider the general three-dimensional constitutive relations for a transversely-isotropic material (see, e.g., Maugin, 1980) with the poling direction along the z axis that, in the case of plane stress (along xy directions) and electric field nonzero only in the direction z of transverse isotropy, reduce to
where σ T = [σ x σ y σ xy ] indicates the nonzero components of the stress tensor; e T = [e x e y γ xy ] the nonzero engineering strains; and D z and E z the nonzero components of the electric displacement and electric field, respectively. The electromechanical stiffness matrix appearing in (4) are given by:
The parameters ν p and E p , denote the Poisson coefficient and the elastic modulus of the considered piezoelectric material measured when E z = 0, while d 31 and ε T represent the transverse piezoelectric coupling coefficient and the dielectric constant measured when the mechanical stresses vanish (see, e.g., IEEE, 1987) . The dimensions of each piezoelectric patch are l p × l p × δ, with δ being the distance between the electrodes. The geometric center of each transducer is coincident with the i, j node. We regard the electric field as independent of the z coordinate. 6 Hence, denoting with V i,j (ψ i,j ) the voltage at the i, j piezoelectric transducer, the following relation between the electric field and the voltage holds:
where RECT i,j indicates the characteristic function defined by:
, and |y − y j | l p /2, 0, elsewhere.
As a consequence, the capacitance C of each bending piezoelectric transducer, under no-strain conditions, is given by
By assuming perfect bonding at the plate-transducers' interphase, 7 it is easy to relate the kinematics of the patch i, j to the kinematics of the host plate:
When dealing with variational formulation for the dynamics of piezoelectric materials, several approaches may be adopted. In what follows, we will choose the displacement and the electric field to be the kinematical descriptors for the considered piezoelectric layer (see, e.g., Fernandes and Pouget, 2002) . Therefore, the Lagrangian for the i, j element, say (L p ) i,j , is expressed by:
where (T p ) i,j denotes the kinetic energy and (H p ) i,j the enthalpy 8 (see, e.g., IEEE, 1987) . From the given assumptions on the stress and strain fields, electric field, and electric displacement field, the enthalpy becomes:
where
On the other hand, the kinetic energy becomes:
where ρ p denotes the volumetric density of mass for the piezoelectric material.
In conclusion, the total contributions to the Lagrangian of the system given by the entire array of piezoelectric transducers, after a finite difference approximation similar to that leading to Eq. (1) (in terms of non-dimensional discrete variables (ũ i,j ,ψ i,j )), become:
6 The restrictive assumption of uniform electric field along the z direction, is justified by the small ratio of the piezoelectric thickness to that of the plate. This assumption has been removed in Sze et al. (2004) . 7 Removing this assumption yields a sligth different estimation of the piezoelctric coupling effectiveness (see, e.g., Crawley and Anderson, 1990) . 8 The stress fields and electric displacement can be derived from the henthalpy:
where η 2 is the ratio between the area covered by the array of piezoelectric transducers and that of the plate surface, that is η 2 = l 2 p /ε 2 . In order to be tuned with the mechanical vibrations, the analog circuit (where the set of capacitors has been substituted by the piezoelectric inherent capacitances) has to be designed to take into account the additional stiffness and mass due to the presence of the piezo-array.
PEM model
In conclusion, the approximate finite dimensional model of the PEM K-L plate is a Lagrangian system, whose Lagrangian parameters are the nodal displacementsũ i,j and the nodal flux-linkagesψ i,j . The overall Lagrangian can be expressed using Eqs. (1), (2) and (6) by:
since the electric energy contribution T e is already included in L p d . From (7), it is easy to derive a set of discrete Euler-Lagrange equations for the PEM plate. The resulting system of ODEs can have a huge number of unknown time functions. In order to get a qualitative insight into its solution, in some circumstances of interest in engineering applications, one can focus on the limit of (7) as the number of transducers goes to infinity. Such a formal procedure may have direct applicative interests in controlling low mechanical modes, i.e. modes the wavelengths of which are greater than the size of the transducer. We believe that the rigorous mathematical proof given for a similar problem by Hoffmann and Botkin (1999) , may be adapted to the case at hand. However, the homogenized model may also be of use in a preliminary dimensioning.
The idea of using a homogenized model instead of a discrete one is often used both in mechanics and circuits theory (see, e.g., Maurini et al., 2004) . A truss modular structure and a lumped realization of a telegraphist transmission line, naturally described by finite dimensional Lagrangian systems, are sometimes studied using PDEs, which are obtained by a suitable homogenization procedure. From the analysis of (7), it is reasonable to assume that the homogenized model of the system is represented by the following system of PDEs, when the characteristic displacement and flux linkage are chosen to assure gyroscopic coupling 9 and the electric system is tuned to the vibrating plate:
where the operator ∇ represents the gradient in the previously introduced dimensionless space variables. The new parameters in (8) are defined by 10
where ρ t denotes the homogenized mass per unit surface and S t the overall bending stiffness, i.e.:
Once a multiresonace electromechanical coupling has been assured, it is desirable to complete the electric circuit via a dissipative network to efficiently dissipate the energy content of every oscillation eigenmode. Taking into account the results found in Andreaus et al. (2004) , we insert resistors in the inductive subcircuit of the analog circuit to obtain the Laplacian as the differential dissipative operator. Using a synthesis procedure similar to the one adopted to obtain the analog nondissipative circuit, we get the circuit sketched in Fig. 4 , where resistors are placed among every i, j node and all its adjacent ones. Therefore, the governing equations of the dissipative system become: 11
where the dimensionless dissipative coefficient γ 2 is given by:
In the language of the theory of control we introduce, via the array of piezoelectric transducers, an electric passive controller of mechanical vibrations: the parameter characterizing such a controller is γ 2 (for more details see Andreaus et al., 2004) . In what follows, we will determine the optimal value for γ 2 by applying the so-called pole placement technique. This optimal value will allow for a mode-independent vibration damping.
Simply supported PEM plate
In the present subsection, the analysis of a vibrating simply supported PEM plate evolution will be developed using the Galerkin method. The electromechanical fields (ũ (x, y, t),ψ(x, y, t) ) are expressed by:
where p k (t) and q k (t) are the time depending Fourier coefficients of the eigenfunctions m k (x, y) coming from the eigenvalues problem
with simply supported boundary conditions. 12 Introducing the previous expressions into the (9) and projecting on the given basis, it is easy to derive the ODEs for the electrical and mechanical Fourier coefficients p k (t), q k (t)
where the coupling coefficients A kh is given by 13
Let us remark that the structural internal damping in the host plate material has been omitted for two reasons: (i) the presented treatment is based on a homogenized model of the PEM plate, which gives accurate results provided that the modal wavelengths are sufficiently larger than the grid-step. Therefore, the proposed approach is particularly reliable for lower modes, which are less sensitive to internal damping; (ii) aim of the considered sample problem is to investigate the electric damping capability of the PEM plate at hand. Therefore, taking into account the structural damping could have shadowed the role played by the electric damping itself.
We underline that, in order to keep a complete electromechanical analogy, the boundary conditions for the electric field must be the analog of those characterizing simply supported plates. This implies that the branches of the analog circuit, which are connected to the terminals of the piezoelectric transducers close to the constrained edges of the PEM plate, must be suitably shunted.
In order to show the electromechanical coupling in such a system we consider the free evolution of a simply supported nondissipative PEM plate due to an initial deflection coincident with the k mode shape, i.e., p k (t)| t =0 = p o . Therefore, the unique nonvanishing Fourier coefficients are:
where we defined the carrier and the modulating frequencies ω k c and ω k m :
Let us note that the ratio of ω c k to ω m k is mode-independent, confirming the broad-band authority of the proposed controller. Let us remark that the evolution shows a beating/amplitude modulation phenomenon between the electrical and mechanical subsystems. Using the language of the theory of signals we can say that the control network results in an amplitude modulation of the mechanical signals, where the carrier frequency ω c k is close (when β is small) to that of the uncontrolled mechanical system, whereas the modulating frequency ω m k is proportional to the coupling coefficient β 2 (see Eqs. (11)).
Optimal condition for the dissipative system
Once the optimal coupling between the mechanical system and its electric analog has been established, an optimal electric dissipation of the mechanical energy has to be obtained. Following Andreaus et al. (2004) , a suitable positioning of the resistors in the analog circuit has already been provided in the previous section. In what follows, we will derive an optimal value for the parameter γ . The chosen optimality criterion is based on the maximization of all the modal time rate decays, i.e.: Re s j k is minimized for every k, {s j k } j =1,...,4 being the four eigenvalues of (10).
As shown in Andreaus et al. (2004) , the optimal value γ may be found by imposing that for every mode number k, there exists two distinct complex conjugate eigenvalues with multiplicity equal to two (see Fig. 5 ). Therefore, the optimization problem is solved by means of the pole placement technique. The poles s j k of the electromechanical system can be regarded as the roots of the characteristic polynomial P k (s):
The chosen optimal criterion gives the following condition for the dissipation coefficient:
When this specification is met, the coincident poles become:
where:
2α 4 4α 4 − β 4 . Let us remark that the damping ratio is mode-independent, that is:
2 . In order to show the damping efficiency of the so designed PEM plate let us show the evolution of p k (t) and q k (t) relative to the generic mode having an initial deflection velocityṗ o k :
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The electromechanical time evolutions (13), corresponding toṗ o k = 1, are depicted in Figs. 6 and 7. The mode-independent property of the presented methodology allows to sketch a unique diagram, valid for all the modes, provided that a characteristic time has been chosen equal to the kth period of the uncontrolled plate.
Comparison of the damping efficiency between the PEM plate and a plate connected to a BOD
In order to assess the efficiency of the PEM plate, let us compare its performances with those of a plate, the surface of which is connected to an array of linearly viscous dampers fixed to the ground. The governing equations of the plate connected to a BOD are:
where the new symbol µ represent the damping coefficient of the bed of dampers. The equation for the mechanical Fourier coefficient p k (t) becomes:
It is impossible to find a unique value of µ which guarantees a mode-independent optimal damping. If one wants to optimally damp the first structural mode then
Thus, all the other modes remain underdamped, i.e., k = 4α 4 λ 4 1 − λ 4 k < 0. The modal damping ratios are
By comparing the damping ratio of the PEM plate with the one of the plate with bed of dampers, optimized for the dissipation of the mode λ:
it is easily understood that for high structural modes the PEM plate always performs better than the BOD.
Conclusions
In this paper a novel device for damping multimodal plate vibrations is conceived, which is based on the concepts of distributed piezoelectric transduction and passive electric networks. The proposed strategy has been implemented in modelling and designing a Piezo-ElectroMechanical (PEM) Kirchhoff-Love (K-L) plate. The network provides a two-fold benefit: it enables an efficient electromechanical energy transformation and a purely electric dissipation. In order to assure a multimodal passive vibration control system, a completely passive circuital analog of a K-L plate has been synthesized and interconnected to an array of transducers uniformly distributed on the plate. The improvements with respect to the results found in Alessandroni et al. (2002) include: (i) the synthesis of a circuit constituted solely by passive components; (ii) a more accurate modelling of the PEM plate to account for those mechanical properties of piezoelectric transducers previously neglected; (iii) a modeindependent vibration damping, achieved via an optimal evaluation of floating resistors.
The closed-form solution for the free vibrations of the simply supported plate PEM plate has been worked out, in order to assess the mode-independent damping capabilities of proposed PEM plates. Finally, the performances comparison between the PEM plate and the plate connected to bed of dampers (BOD) is presented. The remarkable advantages exhibited by the presented PEM control technique are the following:
1. mode-independent optimal damping; on the contrary, the BOD performance is limited to a single-mode damping. 2. possibility of excluding physical ground, which is instead compulsorily required by the BOD.
The presented results seem to have possible technological applications in the design of shields for noise control. We believe that an important and innovative aspect of this work consists in the new methodology adopted in the synthesis of the electric analog by means of a Lagrangian approach, which automatically lead to a completely passive circuit.
An interesting further development of this work could be the application of the presented methodology to PEM shells design.
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Appendix
All the plots presented in the previous sections have been realized considering a square plate of aluminum having the characteristics presented in Table 1 .
The plate is assumed partially covered by square transducers produced by the Piezo System (see the web-site of PiezoSystem) having the properties shown in Table 2 . It is worthwhile to notice that the key parameter for capturing higher modes is the sampling step ε, rather than the coverage factor η.
The characteristics quantities in the simulations are presented in Table 3 .
The corresponding values for the analog circuital elements presented in Table 4 . 
